ABSTRACT A filter bank multicarrier modulation (FBMC) is a strong promising solution for the fifth generation (5G) and beyond in broadband wireless communications. Nonetheless, one of the main disadvantages of the multicarrier techniques-based communication systems is the high peak-to-average power ratio (PAPR) of transmitting signals resulting in a nonlinear distortion of the signals, which is caused by a high power amplifier (HPA). Many kinds of research related to the nonlinear distortions induced by HPA have been proposed. However, there are solely limited studies on the analytical derivation of the nonlinear HPA characteristic. In this paper, an orthogonal polynomial based-analytical expression of a nonlinear power amplifier for baseband uniform, exponential, and Rayleigh input distribution of FBMC systems is proposed. The probability of error performances (BER) comparison between the proposed orthogonal polynomial method and the conventional polynomial method is determined. In addition, a theoretical performance analysis of the proposed method is derived to evaluate the BER performances in the frequency-selective Rayleigh fading channel. In the simulation, the BER performance of a nonlinearly amplified FBMC systems is investigated at a different IBO. The simulation results indicate that the proposed orthogonal polynomial method significantly outperforms the conventional polynomial method in terms of a normalized mean squared error (NMSE) and BER performance. Moreover, the theoretical error probability is compared with the simulation results and it could be found that the theoretical BER performance is relatively close to the simulated result.
I. INTRODUCTION
Recently, the orthogonal frequency division multiplex (OFDM) is recognized as one of the most potential schemes for achieving high data rate communications in the frequency-selective fading radio channel. Due to its advantages such as the high spectral efficiency and multipath delay spread tolerance, OFDM has been chosen for the mobile worldwide interoperability for microwave access (mobile WiMAX) and the future broadband radio system (5G) [1] . However, the loss of data transmission rate of OFDM systems is occurred by adding the specific cyclic prefix (CP) for reducing the inter-symbol interference. Due to the certain limitations of the OFDM technique, it has been completed to search for alternative transmission technique. The FBMC technique, which is the multicarrier techniques-based
The associate editor coordinating the review of this manuscript and approving it for publication was Gautam Srivastava. communication, has been introduced as a potential candidate for 5G communication systems [2] . Nevertheless, one of the most challenging problem for the multicarrier technique is the high PAPR of transmitting signals. Basically, the PAPR is arise from the superposition of many variations in the signal envelope, in which leads to a nonlinear distortion when passing through a high power amplifier (HPA) of transmitter. In order to avoid the distortions, the new techniques based on PAPR reduction have been investigated such as an overlapping SLM (OSLM) method, a sliding window tone reservation method (SWTR), an alternative signal SLM (AS-SLM) and multi-block joint optimization (MBJO) methods [3] . Beside the PAPR reduction, HPA linearization methods have been studied aiming to improve the power efficiency of linearly operated HPA. The variety of HPA linearization techniques have been proposed such as an inverse Volterra series, Wiener-Hammerstein systems, the rational function, neural networks and memory polynomials model, which is VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ the simplest technique and is commonly used for implementation [4] . Furthermore, the impact of nonlinear device on OFDM signals and the study of HPA nonlinear distortions on FBMC-based multi-cellular network have been proposed in [5] and [6] , respectively. Additionally, the FBMC system with TWTA Saleh model of HPA is analytical computed in the nonlinear phase distortion scenario [7] . Although, there are various researches have been studied for the nonlinearity of HPA effect on FBMC systems, the investigation of a theoretical HPA characterization is still required. In [8] , the theoretical characterization of a soft envelope limiter (SEL) HPA model in OFDM systems has been proposed. Nevertheless, the proposed HPA conversion characteristics could not be easily employed to the solid-state power amplifier (SSPA), and the travelling wave tube amplifier (TWTA) HPA model. In [9] , the theoretical expression of the nonlinear HPA characteristic based on a polynomial fitting method for FBMC systems has been presented completely, which can be implemented to any type of HPA models. In [10] , the effect of the nonlinear distortion induced by memory-less HPA models have been analyzed in the sense of BER performance of FBMC schemes based on the polynomial approximation method. However, the basic polynomial approximation approach could not be well suited comparing with other mathematic methods [11] . In [12] , an analytical expression of HPA characteristic based on the orthogonal polynomial method for FBMC systems is proposed. The results show that the HPA modeling error of the orthogonal polynomial method is superior to the conventional polynomial method when a high input value is applied. In order to ensure the numerical efficiency of the orthogonal polynomial method, the HPA characterization in a different input distribution is further required to investigate. In [13] , an analytical computation of the HPA characteristic based on the orthogonal polynomial method for baseband uniform, exponential, and Rayleigh input distribution with odd and even polynomial coefficient order is proposed. However, the noise distortion factor of the nonlinear HPA is not considered for achieving the HPA characteristic expression. In addition, the theoretical performance analysis is not studied in this work. This is the motivation of this paper to propose an orthogonal polynomial-based analytical expression of nonlinear power amplifier FBMC systems. In this paper, a completed analytical computation of the HPA complex gain and the nonlinear distortion by using the orthogonal polynomial method is investigated for baseband uniform, exponential, and Rayleigh input distribution. Moreover, the BER performance comparison between the conventional polynomial method and the proposed method are determined in the case of an additive white Gaussian noise (AWGN) and frequencyselective Rayleigh fading channel. Furthermore, the BER performance comparison between numerical and theoretical performance analysis is investigated. The contributions of this paper include as follows. Firstly, an analytical expression of the complex gain and the nonlinear distortion of HPA characteristic based on the orthogonal polynomial method are completely analyzed. Secondly, the nonlinear HPA characteristic expression is investigated for baseband uniform, exponential, and Rayleigh input distribution in order to ensure the numerical efficiency of the orthogonal polynomial method. Lastly, a theoretical expression of BER performance for nonlinear amplified FBMC signals based on the orthogonal polynomial method in the frequency-selective Rayleigh fading channel have been derived. The organization of this paper is as follows: The FBMC system model is introduced in Section II. In Section III, the HPA model characteristic and the nonlinear HPA conversion characteristics based on the basic polynomial method are described. In Section IV, the derivation of the proposed orthogonal polynomial method is given. The performance analysis and its simulation results are presented in Section V and VI, respectively. Finally, the conclusion is shown in section VII.
II. SYSTEM MODEL
In this section, the concept of the FBMC system model and PAPR problem are described. 
A. FILTER BANK MULTICARRIER SIGNAL (FBMC)
From Fig. 1 , the input bit stream given to FBMC system is first mapped on a selected modulation technique. The modulated symbol Z at in the frequency domain can be written as
where N is the number of subcarriers and P is the number of symbols. R q p and I q p are the real and imaginary parts of the pth symbol and qth subcarrier, respectively. Next, the FBMC symbols are passed through the IFFT and the filter that shapes the side lobes of the signal, making them strictly limited. Hence, the insertion of cyclic prefix (CP) is not required for the FBMC systems. Accordingly, FBMC systems are more spectral containment signals and provide more effective utilization of the radio resources. After that, the generated FBMC signal z(t) is passed through a nonlinear high power amplifier (HPA), which leads to a substantial amount of signal distortion.
Basically, a typical FBMC system transmits the real input symbols by introducing a half symbol space delay between the in-phase and quadrature components of QAM modulated symbols. The transmit baseband FBMC signal can be expressed as [14] z(t) = 
The phase term ϕ q,p is defined by
B. PEAK TO AVERAGE POWER RATIO (PAPR)
The peak power of the FBMC signal could be distorted when passing through the HPA, resulting in a substantial amount of signal distortion. The PAPR of the signal is defined as the ratio between the square of the maximum power and square of the average power of the signal.
where E [·] is the expectation operator, representing the averaged power of the FBMC signal.
III. HPA MODEL
In this section, a summary of the HPA model characteristic and the analytical expression of nonlinear HPA based on polynomial method are presented.
A. HPA MODELS
The HPA are utilized for converting a low-power radiofrequency (RF) signal into a higher power signal for driving the transmitting antenna. The peak power of the FBMC signal could be distorted when passing through the HPA, resulting in a substantial amount of signal distortion. From Fig. 1 , the output signal of the nonlinear HPA y(t) can be defined by the amplitude modulation/amplitude modulation (AM/AM) characteristic (F a (ρ)) and the amplitude modulation/phase modulation (AM/PM) characteristic (F p (ρ)) of the HPA as [15] 
where ρ and θ are the modulus and phase of the signal input, respectively. S (ρ) = F a (ρ)exp(jF p (ρ)), which is the complex soft envelop of the amplified output y(t).
Given by the Bussgang's theorem [16] , the nonlinear amplified output is defined by the HPA characteristic including a complex gain G(t) and a nonlinear distortion noise d(t) as follow
For the sake of simplicity, the time variable (t) is discarded. Then, the nonlinear parameter G is given by
where E [·] is the expectation operator. The variance σ 2 d of the nonlinear distortion noise d(t) can be investigated by [9] 
According to the output signal of the nonlinear HPA y(t) in (6), the variance σ 2 d of the nonlinear distortion noise d(t) is given by substituting (6) into (9) as
In general, an important parameter that expresses the amount of the HPA nonlinearity is the input back-off (IBO), which is related to the variance of the input signal and the HPA input saturation level (A sat ) given by as follow
Typically, the memoryless HPA model such as soft envelope limiter (SEL), solid state power amplifier (SSPA), and travelling wave tube amplifier (TWTA) are characterized by their AM/AM and AM/PM HPA conversions. However, the considered HPA model in this paper is the SSPA model, which can be described as follows [17] .
where v is a measure of the AM/AM sharpness close to the saturation region, (v > 0). The AM/PM HPA conversions of the SSPA model is not distorted, which is F p (ρ) = 0.
B. THE NONLINEAR HPA CHARACTERISTIC BASED ON THE POLYNOMIAL METHOD
With a nonlinear power amplifier system, the baseband HPA output y(t) and input z(t) relationship based on a polynomial model can be written as [18] 
where a k is the conventional polynomial coefficient at order k, which can be computed by using the leastsquares (LS) method [10] .
is the conventional polynomial basis function, and L is the polynomial order. Considering a polynomial model, an approximation of S(ρ) with a full range order polynomial have been presented in [9] . By using the approximation approach, the analytical VOLUME 7, 2019 computation expression of G is simplified. The HPA output based on polynomial method can be modeled as
Therefore, the S(ρ) of the polynomial approximation approach is (15) into (8), the expression is investigated to obtain the complex gain G as follow.
By using the polynomial approximation of S (ρ), G given in (16) can be achieved by the derivation of the momentgeneration function (MGF) for the expectation of a power of Rayleigh random variable, E ρ k . The computation of G can be achieved by
The variance σ 2 d of the nonlinear distortion noise d(t) in (10) can be expressed as
where R [·] denotes as the real part. In this paper, a normalized mean squared error (NMSE) is used for investigating the quantitative measure HPA modeling error given by [19] nmse (dB) = 10log 10
where N is the number of input samples. y(t n ) is the measured HPA output andŷ (t n ) is the HPA modeled output.
IV. THE PROPOSED METHOD
The impacts of nonlinear distortion effects are considered essentially in a FBMC systems when the signal is passed through the HPA for medium and high power signals which causes a substantial amount of signal distortion. In this paper, an analytical expression of the complex gain and the nonlinear distortion of HPA characteristic based on an orthogonal polynomial fitting method for baseband uniform, exponential, and Rayleigh input distribution is proposed.
A. ORTHOGONAL POLYNOMIAL FOR UNIFORM DISTRIBUTION PROCESSES
Basically, the numerical instability is one of the major issues of the conventional polynomial approach. To deal with the problem, the orthogonal polynomial basis function is employed. Based on the orthogonal polynomial method, the signal at the output of a nonlinear power amplifier related to the baseband input z(t), can be expressed as [20] 
where ϕ k is the orthogonal polynomial basis function with order k. L is the polynomial order and µ k is the orthogonal polynomial coefficient at order k, which can be extracted by using a least-squares (LS) method [10] . With an upper triangular matrix U approach [20] , the orthogonal polynomial basis function can be given by
where U km is an upper triangular matrix with kth-order orthogonal polynomial, which is defined by
Substituting (21), (22) into (20), the HPA output y(t) can be defined by
According to (14) , the HPA output from (23) can be rewritten as
Therefore, the orthogonal polynomial expression of S(ρ) can be modified as
Hence, the HPA gain expression based on the orthogonal polynomial is obtained by substituting (25) into (8) , which is
Finally, the HPA gain expression of the orthogonal polynomial method for the uniformly distribution is
The variance σ 2 d of the nonlinear distortion d(t) for the baseband uniform distribution is determined by substituting S(ρ) in (25) into (10), which is
where [19] 
For the E ρ 2 , it can be derived by using the integrals of the PDF for the uniformly distribution.
Finally, the variance σ 2 d of the nonlinear distortion d(t) for the uniform based orthogonal polynomial method is
B. ORTHOGONAL POLYNOMIAL FOR EXPONENTIAL DISTRIBUTION PROCESSES
Previously, the HPA characteristic expression for orthogonal polynomials based on the baseband uniform input distribution is investigated. To ensure the better numerical efficiency of the orthogonal polynomial method even if the input distribution is not the baseband uniform, the orthogonal polynomial model for the exponential distribution is determined in this section. The above analytical expression of HPA characteristic is related to the expectation of ρ m . Basically, the expectation can be obtained from the mth-order moment approach, which is
where f ρ (ρ) is the probability density functions (PDF) of the input signal. The PDF of exponential input distribution can be given by the variance of the input signal as follow [19] .
where λ is the variance of the input signal and ρ is related to the input signal. From (31) and (32), the expectation of the exponential input distribution analyzed by using the mth-order moment is defined by [21] 
By substituting (33) into (27), the nonlinear parameter G can be determined. Finally, the HPA gain expression of the orthogonal polynomial method for the exponential distribution is mathematically derived, which is
The variance σ 2 d of the nonlinear distortion d(t) for the baseband exponential distribution is investigated as follows. According to the PDF for an exponential distribution in (32), an E ρ 2 can be determined by
By applying an exponential rule, the integral term e −u du can be solved. Then the E ρ 2 can be determined by
For the expectation of the E ρ 2m , the mth-order moment, can be applied as
According to (28), the variance σ 2 d of the nonlinear distortion d(t) for the baseband exponential distribution is
C. ORTHOGONAL POLYNOMIAL FOR RAYLEIGH DISTRIBUTION PROCESSES
Similarly, the expectation of the Rayleigh distribution investigated based on the mth-order moment approach is determined by [21] 
The generic expression for the PDF for the Rayleigh input distribution is calculated by
From (39) and (40), the derivation of the expectation of the Rayleigh distribution is equivalent to investigate the mth-order moment, which is [21] 
By substituting (41) into (27), the nonlinear HPA gain based on the orthogonal polynomial method for the Rayleigh distribution is defined by
The variance σ 2 d of the nonlinear distortion d(t) for the baseband Rayleigh distribution is determined as follow. According to the PDF for an Rayleigh distribution in (40), an E ρ 2 is given by
By using the table of integrals and an exponential rule, the resulted expression of (43) can be defined as
Finally, the variance σ 2 d of the nonlinear distortion d(t) for the baseband Rayleigh distribution is
(46)
V. PERFORMANCE ANALYSIS
In this section, a theoretical expression of BER performance for nonlinear amplified FBMC signals based on the proposed orthogonal polynomial method in the frequency-selective Rayleigh fading channel have been derived. Basically, when the nonlinearly amplified signal passing through a radio channel, the received signal is given by the following equation [22] .
where s is the received signal. h and w indicate the channel coefficient and noise component, respectively. Based on a perfect knowledge of the channel state information (CSI) is assumed at the receiver, the demodulated symbol denoted aŝ S is defined byŜ
The instantaneous signal-to-noise ratio (SNR) for the FBMC system is determined by [23] 
where σ Z is the variance of the input signal (mean input signal power). σ 2 d is the variance of the nonlinear distortion d(t). σ 2 w is the variance of the Gaussian noise component. In wireless communication, the multipath fading occurs when signal passing through the obstacles in the environment. One of the common multipath fading distribution scenarios is the Nakagami-m fading. The probability density functions (PDF) of the Nakagami-m fading channel is modelled as
where is the average power of the received signal. m is the Nakagami-m fading parameter which indicate the severity of the fading (m >0.5). Given the corresponding instantaneous received power γ = R 2 . Therefore, an expression of the probability density function of γ can be simplified as [24] 
In general, the probability of bit error depends on the received SNR in the fading environment, which can be calculated by averaging the probability of bit error (P b ) in AWGN as followP
where P γ (γ ) is the probability density functions (pdf) of the received signal in a fading channel. P b (γ ) is the probability of error with SNR (γ ) obtained by using the Q-function. The alternate form of Q-function is given by [22] Q
Hence, P b (γ ) can be defined as
where α and g are constant value depend on the modulation size. By substituting (54) into (52), the average probability of error is modified as
where M γ is the moment-generating function (MGF) of the Nakagami-m fading distribution, which is given by [22] 
Substituting (56) into (55), then
Based on Rayleigh fading channel environment, (57) is analysed by m = 1, which is written as
By using the table of integrals, the term of integral in (58) can be calculated as follows.
Given sin 2 ∅ = sin 2 ∅ + gγ − gγ and splits, then
Applying the linearity method, then 1− gγ sin 2 ∅+gγ
The integrals term 1 sin 2 ∅+gγ d∅ can be determined as follows.
Let
Then 1
dv and substituting into (64). Then
dv = arctan(v) and substituting into (65). Then
Undo substitute u = tan ∅ into (67). Then arctan(
From (61),
Finally, the average probability of error can be obtained by substituting (69) into (58)
where
where M is the alphabet of the modulation. 
VI. SIMULATION RESULTS
In this section, the performance evaluation of the proposed HPA characteristic expression based on the orthogonal polynomial method compared with the conventional polynomial method for FBMC systems in terms of NMSE and bit error rate performances is examined. In our simulations, the average SNR is ranging from 1-30 dB and the modulation with 16 QAM constellations is employed with a total of 5000 input and output samples. In the NMSE investigation, the SSPA HPA model is used as the HPA outputŷ (t n ) with parameters A sat= 1, v = 10 [17] . Fig. 2 and 3 shows the conventional polynomial and orthogonal polynomial basis function with the different polynomial order k, respectively. The NMSE of the HPA output comparing between the conventional polynomial method and the orthogonal polynomial method including the uniform based-orthogonal polynomial method, the exponential based-orthogonal polynomial method and the At the polynomial order 11 at IBO of 4 dB shown in Fig. 4 , the NMSE of the uniform based-orthogonal polynomial method is equal to −11 dB, which is smaller than that of the exponential and the Rayleigh based-orthogonal polynomial method which is equal to −2 dB and −3 dB, respectively. Moreover, the NMSE of the conventional polynomial method is worst comparatively, which is equal to −1.8 dB at the polynomial order 11. For Fig. 5 and 6 at the polynomial order 11, the uniform based-orthogonal polynomial method provides the same result. meanwhile, the NMSE of the conventional polynomial method, the exponential and the Rayleigh basedorthogonal polynomial method are reduced, which are equal to −2.5 dB, −3 dB, −4 dB at IBO of 6 dB and −4 dB, −5.8 dB, −8 dB, at IBO of 8 dB, respectively.
From the result, it could be found that the NMSE of the orthogonal polynomial methods becomes progressively smaller than that of the conventional polynomial method, especially when additional higher polynomial order k is adopted.
Among the orthogonal polynomial methods, it is obviously observed that the uniform based-orthogonal polynomial method is superior to the exponential and the Rayleigh based-orthogonal polynomial method for full polynomial order ranges, especially at a low IBO value. Moreover, it is worth noticing that the exponential and the Rayleigh basedorthogonal polynomial method provide lower NMSE error when IBO value increase, meanwhile, the uniform basedorthogonal polynomial method do not introduce a different result for any IBO values. Figure 7, 8, 9 shows BER performance comparison between the conventional polynomial method and the proposed orthogonal polynomial method for baseband uniform, exponential, and Rayleigh input distribution, for 64 subcarriers of 16 QAM modulated symbols at IBO of 4 dB, 6 dB, 8 dB in AWGN channel. From the Fig. 7, 8 and 9 , it is observed that the BER performance of the uniform, the exponential and the Rayleigh based-orthogonal polynomial method offer the lower distortion comparing with the conventional polynomial method.
Basically, a high IBO value means that the power amplifier operates close to its linear region, and therefore, it introduces less nonlinear distortions. From these results, it could be found that the BER performance of the exponential and the Rayleigh based-orthogonal polynomial method and the conventional polynomial method becomes larger when IBO value decline. As a result, it is worth noticing that the BER of the proposed exponential and the Rayleigh based-orthogonal polynomial method yields less distortion than that of the conventional polynomial method for a given SNR, meanwhile, the uniform based-orthogonal polynomial method provides the same results for all IBO values. The BER performance analysis comparison between the proposed orthogonal polynomial method and the conventional polynomial method in frequency-selective Rayleigh fading channel is investigated in Fig. 10 . In our simulation, the subcarrier's channel is generated following the Jake's model [22] . From the result, it is clearly seen that all of the proposed orthogonal polynomial method yields better BER performance than the conventional polynomial method.
The BER performance of the theoretical performance analysis expressed in (70) for baseband uniform based-orthogonal polynomial method with 16 QAM modulated symbols over the frequency-selective Rayleigh fading channel is shown in Fig. 11 . From the result, we can see a very good agreement between the simulation result and that of analytical result for a given value. Figure 12 shows the evaluation of the BER expression for a nonlinearly amplified 4QAM modulation scheme. From the figure, it could be observed that a good match between the simulation and the proposed theoretical results. However, it is obviously seen that the BER performance increases as a number of symbols increases due to reduced distance between constellation points.
VII. CONCLUSION
In this paper, an orthogonal polynomial-based analytical expression of nonlinear power amplifier for FBMC systems is proposed. The complete analytical expression of HPA characteristic including complex gain and the nonlinear distortion for baseband uniform, exponential, and Rayleigh input distribution is investigated.
The analytical computation has been determined through the simulation results using different evaluation parameters such as the NMSE, the signal to nonlinear noise ratio and the input back-off of the power amplifier. Moreover, the BER performance comparison between the conventional polynomial method and the proposed method in the case of an additive white Gaussian noise (AWGN) and frequency-selective Rayleigh fading channel is presented. From the simulation result, the NMSE and the BER performance of the orthogonal polynomial method for the three-distribution scheme outperforms the conventional polynomial method significantly for all IBO value due to more linear amplitude characteristics. Furthermore, it is worth noticing that the exponential and the Rayleigh based-orthogonal polynomial method and the conventional polynomial method introduces more error at a low IBO value, meanwhile the uniform based-orthogonal polynomial method is free of such a problem. Last but not least, a theoretical expression of BER performance for nonlinear amplified FBMC signals based on the orthogonal polynomial method under frequency-selective Rayleigh fading channel have been derived. Simulation results show that the analytical and simulation results are in good agreement, emphasizing the validity of the theoretical study. In conclusion, it could be implied that the nonlinear distortion caused by the HPA is more improved by using the proposed orthogonal polynomial method, which could enhance the BER performance of the systems compared with using the conventional polynomial method. 
